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$\frac{D\phi}{Dt}\equiv\frac{\partial\phi}{\partial t}+u\cdot\nabla\phi\equiv\frac{\partial\emptyset}{\partial t}+\sum_{j=1}^{d}u_{j}\frac{\partial\emptyset}{\partial x_{j}}$ ,
$u$ $\phi$
Navier-Sotkes
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$X:(0, T]arrow \mathbb{R}^{d}$




$\frac{D\phi}{Dt}(X(t),t)=\frac{\emptyset(X(t),t)-\phi(X(t-\triangle t),t-\triangle t)}{\triangle t}+O(\triangle t)$ (3)




$X_{1}^{n}(x)\equiv x-u(x,t_{n})\triangle t$ (5)
$X(t_{n-1})-X_{1}^{n}(x)=O(\triangle t^{2})$ (6)
(3)
$\frac{D\emptyset}{Dt}(x,t_{n})=\frac{\phi(x,t_{n})-\phi(X_{1}^{n}(x),t_{n-1})}{\triangle t}+O(\triangle t)$ (7)
$\psi$ $(\cdot,$ $\cdot)$ $L^{2}(\Omega)$ $\phi^{n}\equiv\phi(\cdot,t_{n})$
(7)
$( \frac{D\phi^{n}}{Dt},$ $\psi)\approx(\frac{\phi^{n}-\phi^{n-1}\circ X_{1}^{n}}{\triangle t},$ $\psi)$ (8)




$\frac{\partial\phi}{\partial t}+u\cdot\nabla\phi-\nu\triangle\emptyset=f$ , $(x,t)\in\Omega\cross(0,T)$ (9a)
$\phi=0$ , $x\in\Gamma,$ $t\in(0,T)$ (9b)
$\phi=\phi^{0}$ , $x\in\Omega,$ $t=0$ (9c)
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$u;\Omega\cross(0, T)arrow \mathbb{R}^{d}$ , $f;\Omega\cross(0,T)arrow \mathbb{R}$ , $\emptyset^{0}:\Omegaarrow \mathbb{R}$
$\nu$ $u$
$u\in C^{0}(W^{1,\infty}(\Omega))$ , $u=0(x\in\Gamma)$ , $\nabla\cdot u=0(x\in\Omega)$ (10)
$V=H_{0}^{1}(\Omega)$
$(9a),(9b)$ $\phi;(0,T)arrow V$
$( \frac{D\phi}{Dt}(t),\psi)+\nu(\nabla\emptyset(t), \nabla\psi)=(f(t),\psi)$, $\forall\psi\in V,$ $t\in(0,T)$
$V$ (9) Galerkin
$\{\phi_{h}^{n}\in V_{h};n=0, \cdots, N_{T}\}$
$( \frac{\phi_{h}^{n}-\phi_{h}^{n-1}\circ X_{1}^{n}}{\triangle t},$ $\psi_{h})+\nu(\nabla\phi_{h}^{n}, \nabla\psi_{h})=(f^{n},\psi_{h})$ , $\psi_{h}\in V_{h},$ $n=1,$ $\cdots,$ $N_{T}$ (lla)
$\phi_{h}^{0}=\Pi_{h}\phi^{0}$ (llb)
$\Pi_{h}$ : $C(\overline{\Omega})arrow$ $X_{1}^{n}$ (5)
$\triangle t$
$\triangle t<1/\Vert u\Vert_{C^{0}(W^{1,\infty}(\Omega))}$
$X_{1}^{n}(\Omega)=\Omega$ [8] (lla) 1
(11)
$\bullet$ (lla) $\phi_{h}^{n}$















$\frac{D\phi}{Dt}(X(t), t)=\frac{3\phi(X(t),t)-4\phi(X(t-\triangle t),t-\Delta t)+\phi(X(t-2\triangle t),t-2\triangle t)}{2\triangle t}+O(\triangle t^{2})$
2
$X_{2}^{n}(x)\equiv x-2u(x,t_{n})\Delta t$ (13)
(7)
$\frac{D\phi}{Dt}(x, t_{n})=\frac{3\phi(x,t_{n})-4\phi(X_{1}^{n}(x),t_{n-1})+\phi(X_{2}^{n}(x),t_{n-2})}{\triangle t}+O(\triangle t^{2})$
(8)






(5) $X(t_{n-1})$ 2 Runge-Kutta
$X_{2}^{n}(x) \equiv x-u(x-u(x, t_{n})\frac{\triangle t}{2},$ $t_{n-1/2})\triangle t$ (16)
Heun
$X_{2}^{n}(x) \equiv x-\frac{u(x,t_{n})+u(x-u(x,t_{n})\triangle t,t_{n-1})}{2}\triangle t$ (17)
(7)
$\frac{D\phi}{Dt}(X(t_{n-1/2}), t_{n-1/2})=\frac{\phi(x,t_{n})-\phi(X_{2}^{n}(x),t_{n-1})}{\triangle t}+O(\triangle t^{2})$ (18)




$\frac{\nu}{2}(\Delta\phi^{n}+\triangle\phi^{n-1}\circ X_{1}^{n})$ , $\frac{1}{2}(f^{n}+f^{n-1}\circ X_{1}^{n})$
2 1
$( \frac{\phi_{h}^{n}-\phi_{h}^{n-1}\circ X_{2}^{n}}{\triangle t},$ $\psi_{h})+\frac{\nu}{2}(\nabla\phi_{h}^{n}+\nabla\phi_{h}^{n-1}\circ X_{1}^{n}, \nabla\psi_{h})+\frac{\nu\Delta t}{2}(J^{n}\nabla\phi_{h}^{n}, \nabla\psi_{h})$
$= \frac{1}{2}(f^{n}+f^{n-1}oX_{1}^{n}, \psi_{h})$ (19)
$J^{n}$
$J^{n}=^{\underline{\partial u_{i}^{n}}}$
, $i,j=1,$ $\cdots,$ $d$$ij$
$\partial x_{j}$
(19) 3 2
1 2 (15) [8].
5
$u$ : $\Omega\cross(0,T)arrow \mathbb{R}^{d}$ $p$ : $\Omega\cross(0,T)arrow \mathbb{R}$ Navier-Stokes
:
$\frac{\partial u}{\partial t}+(u\cdot\nabla)u-\nu\triangle u=f$ , $(x,t)\in\Omega\cross(0,T)$ (20a)
$\nabla\cdot u=0$ , $(x,t)\in\Omega\cross(0,T)$ (20b)
$u=0$ , $x\in\Gamma,$ $t\in(0,T)$ (20c)
$u=u^{0}$ , $x\in\Omega,$ $t=0$ (20d)
$f;\Omega\cross(0, T)arrow \mathbb{R}^{d}$, $u^{0}:\Omegaarrow \mathbb{R}^{d}$
$\nu$
$V=(H_{0}^{1}(\Omega))^{d}$ , $Q=L_{0}^{2}(\Omega)$
$(20a)-(20c)$ $(u,p)$ : $(0,T)arrow V\cross Q$
$(\mathcal{L}_{0}(u(t))u(t),v)+a_{0}(u(t),v)+b(v,p(t))=(f(t),v)$ , $\forall v\in V,$ $t\in(0, T)$ (21a)
$b(u(t),q)=0$ , $\forall q\in Q,$ $t\in(0,T)$ (21b)
$\mathcal{L}_{0}(u)$ (1)
$a_{0}(u,v)=2 \nu\int_{\Omega}D(u)$ : $D(v)dx$ , $b(v, q)=- \int_{\Omega}q\nabla\cdot vdx$
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$D(u)$
$D_{ij}(u)= \frac{1}{2}(\frac{\partial u_{i}}{\partial x_{j}}+\frac{\partial u_{j}}{\partial x_{i}})$
$V$ $Q_{h}$ $Q$ (20)
1 Galerkin $\{(u_{h}^{n},p_{h}^{n})\in V_{h}\cross Q_{h};n=$
$0,$ $\cdots,$ $N_{T}\}$ $n=1,$ $\cdots,$ $N_{T}$
$( \frac{u_{h}^{n}-u_{h}^{n-1}\circ X_{1}^{n}}{\triangle t},v_{h})+a_{0}(u_{h}^{n},v_{h})+b(v_{h},p_{h}^{n})=(f^{n},v_{h})$ , $\forall v_{h}\in V_{h}$ (22a)







$(V_{h}, Q_{h})$ $(u_{h},p_{h})$ $(L^{\infty}(L^{2}(\Omega))\cap L^{2}(H^{1}(\Omega)))^{d}\cross L^{2}(L^{2}(\Omega))$
(12) $(u_{h},p_{h})$ l $(u,p)$ [10]. $k$
Stokes
(14) 2 Galerkin








$\rho_{k}$ , $\mu_{k}$ $t$ $\Omega_{k}(t)$
$k(=1, \cdots,m)$ $0$ $\Gamma_{k}(t)$
$\sigma_{k}$ $\Gamma_{k}(t)$
$\chi_{k}$ : $[0,1)\cross(0,T)arrow \mathbb{R}^{2},$ $x(1,t)=x(0,t)$ $(t\in(0,T))$
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$\Gamma_{k}(t)=\{\chi_{k}(s, t);s\in[0,1)\}$
$\Omega_{k}(t),$ $k=1,$ $\cdots,m$ , $\Gamma_{k}(t)$
$\Omega_{0}(t)=\Omega\backslash \cup\{\overline{\Omega}_{k}(t);k=1, \cdots, m\}$
$u:\Omega\cross(0, T)arrow \mathbb{R}^{2}$ , $p;\Omega\cross(0, T)arrow \mathbb{R}$
$\chi_{k}$
$\rho_{k}\{\frac{\partial u}{\partial t}+(u\cdot\nabla)u\}-\nabla[2\mu_{k}D(u)]+\nabla p=\rho_{k}f$, $x\in\Omega_{k}(t),$ $t\in(0,T)$ (23a)
$\nabla\cdot u=0$ , $x\in\Omega_{k}(t),$ $t\in(0,T)$ (23b)
$[u]=0,$ $[-pn+2\mu D(u)n]=\sigma_{k}\kappa n$ , $x\in\Gamma_{k}(t),$ $t\in(0,T)$ (23c)
$\frac{\partial\chi_{k}}{\partial t}=u(\chi_{k},t)$ , $s\in[0,1),$ $t\in(0,T)$ (23d)
$u=0$ , $x\in\Gamma,$ $t\in(0,T)$ (23e)
$u=u^{0}$ , $x\in\Omega,$ $t=0$ (23f)
$\chi_{k}=\chi_{k}^{0}$ , $s\in[0,1),$ $t=0$ (23g)
(23a),(23b) $k=0,$ $\cdots,m$ (23c), (23d), (23g) $k=1,$ $\cdots,m$





$\rho;\Omega\cross(0,T)arrow \mathbb{R}$ , $\mu;\Omega\cross(0,T)arrow \mathbb{R}$
$\Omega_{k}(t)$ $(23a)-(23d)$
$($ $\frac{D}{Dt}(\sqrt{\rho}u),v)+a_{0}(\mu,u,v)+b(v,p)=(\rho f,v)-d(\chi,v)$ (24)
(21b)
$a_{0}( \mu, u,v)=2\int_{\Omega}\mu D(u)$ : $D(v)dx$ , $d( \chi,v)=\sum_{k=1}^{m}\int_{\Gamma_{k}}\sigma_{k}\frac{\partial\chi}{\partial l}\cdot\frac{\partial v}{\partial l}d\ell$
$d$ $\ell$
(23) Galerkin $\Delta t$ $\chi(\equiv(\chi_{k}))$
$\chi_{h}$ $X_{h}$ $s\in[0,1)$
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$N_{x}^{n}$ $n$ $V_{h},$ $Q_{h}$
(22) $P2/P1$ $\rho_{h},$ $\mu_{h}$
$P0$ $\Psi_{h}$
$X_{h}\cross\Phi_{h}\cross\Phi_{h}\cross V_{h}\cross Q_{h}$ $(n-1)$ $n$
$(\chi_{h}^{n-1}, \rho_{h}^{n-1},\mu_{h}^{n-1}, u_{h}^{n-1},p_{h}^{n-1})arrow(\chi_{h}^{n}, \rho_{h}^{n}, \mu_{h}^{n}, u_{h}^{n},p_{h}^{n})$
(23d) $n=1$ Euler Adams-Bashforth
$\frac{\tilde{\chi}_{h}^{n}-\chi_{h}^{n-1}}{\triangle t}=$
$\{\begin{array}{ll}u_{h}^{n-1}(\chi_{h}^{n-1}), \forall s_{i}^{n-1}, n=1\frac{3}{2}u_{h}^{n-1}(\chi_{h}^{n-1})-\frac{1}{2}u_{h}^{n-2}(\chi_{h}^{n-1}-\triangle tu_{h}^{n-1}(\chi_{h}^{n-1})), \forall s_{i}^{n-1}, n\geq 2,\end{array}$
$\tilde{\chi}_{h}^{n}$
$\chi_{h}^{n}=\mathcal{X}_{h}(\tilde{\chi}_{h}^{n})$ , $\rho_{h}^{n}=\mathcal{R}_{h}(\chi_{h}^{n})$ , $\mu_{h}^{n}=\mathcal{M}_{h}(\chi_{h}^{n})$
$\chi_{h}^{n},$ $\rho_{h}^{n},$ $\mu_{h}^{n}$
$\mathcal{R}_{h},\mathcal{M}_{h}$ $\chi_{h}^{n}$ $\rho_{h}^{n},\mu_{h}^{n}\in\Psi_{h}$ (24)
2 $\chi_{h}^{n}$ 1 Galerkin
(22b) $(u_{h}^{n},p_{h}^{n})$ Stokes
[12] Galerkin





$t=0.(x)000$ $t=16.(xxx)00$ $t=32.(xK)(x)0$ $t=48.0(xxx)0$
$t=64.000000$ $t=80.000000$ $t=96.000000$ $t=112.000000$
2: $t=0,16,$ $\cdots,$ $112$ .
$\Omega_{0}^{0}$ $\Omega_{1}^{0}$
$u^{0}=(0,0)^{T}$ , $f=(0, -2)^{T}$ .
$\Omega$ 1 $N_{e}$ N(
)
$N_{e}=3,974$ , $N=18,476$
$(\rho_{0},\mu_{0})=(1,1)$ , $(\rho_{1},\mu_{1})=(100,2)$ , $\sigma_{1}=0.1$
$T$ , $\triangle t$ , $N_{T}$
$T=150$ , $\triangle t=\frac{1}{8}$ , $N_{T}=1,200$
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